We investigate the graded Lie algebras of Cartan type W, S and H in characteristic 2 and determine their simple constituents and some exceptional isomorphisms between them. We also consider the graded Lie algebras of Cartan type K in characteristic 2 and conjecture that their simple constituents are isomorphic to Lie algebras of type H.
Introduction
The simple Lie algebras over the complex numbers were first classified by Killing (1888) and Cartan (1894). They fall in four infinite families A n , B n , C n and D n and five exceptional cases E 6 , E 7 , E 8 , G 2 and F 4 . All of these Lie algebras have analogues in the modular case and thus can be defined over arbitrary fields of characteristic p. The resulting Lie algebras are called classical Lie algebras and they are simple for p ≥ 5. We refer to [8, Chapter 4] for background. Over fields of characteristic p there are also non-classical simple Lie algebras known. There are the four infinite families of graded Cartan type: the Witt algebras W, the special algebras S, the Hamiltonian algebras H and the contact algebras K. The Lie algebras of (general) Cartan type are deformations of these. Additionally, for p = 5 there exists the family of Melikian type Lie algebras. The classification of the simple Lie algebras over algebraically closed fields of characteristic p ≥ 5 has been completed around the beginning of this century by Strade and Premet. It asserts that every simple Lie algebra over an algebraically closed field of characteristic p is either classical or of Cartan or Melikian type. We refer to [7] and [8] for background. Over fields of characteristic p with p ∈ {2, 3} the classification of simple Lie algebras is wide open. In particular for p = 2 it seems that many new phenomena arise and the classification will differ significantly from those in characteristic 0 and p ≥ 5. The classical Lie algebras and the Lie algebras of Cartan type have analogues in characteristic 2, but these are not necessarily simple. The constituents of the classical Lie algebras in characteristic 2 have been determined independently by Hogeweij [3] and Hiss [2] . On the other hand various new infinite series of simple Lie algebras in characteristic 2 have been discovered, see for example [4] , [11] , [6] , [5] or [1] . In the main part of this note we consider the graded Lie algebras of Cartan types W, S and H in characteristic 2. We determine their simple constituents and exhibit some exceptional isomorphisms between them. As a result, we obtain that the following list of simple Lie algebras in characteristic 2 contains the simple constituents of all graded Lie algebras of Cartan types W, S and H up to isomorphism. algebra parameters dimension notes [10] show that H(4, (1, 1, 1, 1)) ∼ = S(3, (1, 1, 1)) and H(4, (2, 1, 1, 1)) ∼ = S(3, (2, 1, 1)). This induces the following conjecture.
In the final section of this note, we consider the graded Lie algebras of contact type K. Based on experimental evidence, we conjecture that their simple constituents are isomorphic to quotients of Lie algebras of type H.
Preliminaries
We briefly recall the definition of the polynomial algebras A(n) and A(n, m) for n ∈ N and m ∈ N n . Let F be a field of characteristic p > 0 and let X 1 , . . . , X n be n pairwise commuting indeterminates over F. For a ∈ N n we write X a for X a 1 1 · · · X an n . Let A(n) denote the commutative algebra consisting of all formal sums over F of the form a∈N n α a X a equipped with the usual addition and the multiplication
where the multi-binomial coefficient is evaluated modulo p and thus is considered as an element in the prime field of F.
The Witt algebras
The Witt algebra W (n, m) is defined as the set of elements { n j=1 f j D j | f j ∈ A(n, m)} equipped with the usual addition and the Lie bracket
The algebra W (1, (1)) has dimension 2 and thus is solvable. In Theorem 2.4 of Chapter 4 in [9] is shown that W (n, m) is simple if n > 1. We consider the remaining cases in the following theorem. 
and the structure constants also imply that
•
The special algebras
Let n > 1 and m ∈ N n . We define
Then the special Lie algebra S(n, m) is the derived subalgebra of the kernel of div. Define
, 0 ≤ i < j ≤ n} and has the dimension (n − 1)(dim(A(n, m)) − 1). The algebra S(2, (1, 1) ) is solvable. The algebras S(n, m) for n > 2 are simple as shown in [9] , Theorem 3.5 in Chapter 4. The remaining cases are considered in the following theorem. Note that S(2, (m 1 , m 2 )) ∼ = S(2, (m 2 , m 1 )) for every m 1 , m 2 ∈ N.
3 Theorem: Let char(F) = 2 and S = S(2, m) with m = (1, 1) .
Proof: We first investigate S = S(2, m) before we consider (a) and (b). Let
is a basis for S. Define x −1 , y −1 = 0 and
These calculations imply that
Thus S ′ has codimension at least 1 in S. A detailed inspection of the structure constants of S further shows that w := z 2 m 1 −2,2 m 2 −2 ∈ S ′ and thus S ′ has codimension exactly 1 in S.
(a) We consider the case 1 ∈ m = (m 1 , m 2 ). Our aim is to show that S ′ is simple. The proof is very similar to that for the Witt algebra, except that a 2 l −1 there is replaced by w = z 2 m 1 −2,2 m 2 −2 here. Let I be a non-zero ideal of S ′ . Using the above commutators, it is sufficient to show that x 0 ∈ I to obtain that I = S ′ . Let v = 2 m 2 −2 i=0
ν ij z ij be a non-zero element in I. Suppose first that all coefficients ν ij are zero. If λ i = 0 for some i, then let k be the greatest such that λ k = 0. Then
If λ i = 0 for all i, then let k be the greatest such that y k = 0. Then
This proves the claim if all coefficients ν ij are zero. The other case that there is a non-zero ν ij can be proved by similar techniques; we leave this to the reader. (b) Now we consider the case that m = (1, m 2 ) with m 2 = 1. In this case S ′ has the basis {x 0 , . . . , x 2 m 2 −2 , y 0 , z 00 , . . . , z 0,2 m 2 −3 }. We define φ : S ′ → W (1, (m 2 )) ′ by φ(x i ) = 0 and φ(y 0 ) = a 0 and φ(z 0i ) = a i+1 . It is technical, but not difficult to verify that this is an epimorphism of Lie algebras whose kernel
The Hamiltonian algebra
We assume that n ≥ 2 is even and set n = 2r. For 1 ≤ j ≤ r let σ(j) = 1 and j ′ = j + r. For r < j ≤ n let σ(j) = −1 and j ′ = j − r. Define
Then the kernel of D H is F1 and H(n, m) is defined as the derived subalgebra of the image of D H . The algebra H(n, m) is generated by the images {D H (X a ) | 0 ≤ a < τ } and has the dimension dim(A(n, m)) − 2. H(2, (1, 1) ) is solvable. The other cases are considered in the following theorem.
4 Theorem: Let char(F) = 2 and H = H(n, m) with n = 2r even and m ∈ N n . (X (a) ). Suppose that I is a non-zero ideal of H, and let w = 0<a<τ λ a h a be a non-zero element of I. Let Λ(w) = {a | λ a = 0}. Then w = a∈Λ(w) λ a h a . Also let µ i = max{a i | a ∈ Λ(w)} for 1 ≤ i ≤ n. Then at least one µ i is non-zero, since w = 0 and so some (non-zero) vector is in Λ(w). Let k be minimal with µ k = 0. Now define c 0 = µ k and
since all a ∈ Λ(w) other than v have at least one a k+i < c i for some 1 ≤ i ≤ n − k, hence the only term which is not taken to zero by this action is
and thus h ε k ∈ I.
Next we show that all h ε i are in I. First,
thus all h ε i with 1 ≤ i ≤ n are in I provided that h ε i +ε k ′ < τ . This holds for all i = k ′ , and is also true for i = k ′ provided m k ′ > 1. Suppose m k ′ = 1. Then, since n > 2, there exists 1 ≤ i ≤ n with i / ∈ {k, k ′ }. For such i it follows that h ε i ∈ I and h ε k ′ +i ′ < τ and:
Hence all h ε i , 1 ≤ i ≤ n, are in I. Finally, we show for arbitrary 0 < a < τ that h a ∈ I. First suppose that a = τ − ε i for some 1 ≤ i ≤ n. Then there exists 1 ≤ j ≤ n such that 0 < a + ε j < τ , and
we see that h a ∈ I. In summary, we obtain that h a ∈ I for all 0 < a < τ , and thus we conclude that I = H. Hence H is simple. 
The contact algebra
We assume that n ≥ 3 is odd and set n = 2r + 1. For f ∈ A(n, m) and 1 ≤ j ≤ n − 1 let f j = X ǫ j D n (f ) + σ(j ′ )D j ′ (f ). Further, let f n = 2f − 2r j=1 σ(j)X ǫ j f j ′ . Then we define
Then D K is an injective linear map. We define K(n, m) as the derived subalgebra of the image of D K . Hence K(n, m) is generated by {D K (X a ) | 0 ≤ a ≤ τ } and has dimension dim(A(n, m)).
Based on computational evidence, we propose the following conjecture.
5 Conjecture: Let char(F) = 2 and K = K(n, m) for n ∈ N odd and m ∈ N n . Then K ′ /N (K ′ ) is simple and is isomorphic to H/N (H), where H = H(n − 1, (m 1 , . . . , m n−1 )).
Note that H/N (H) = H unless n = 3 and m 1 = 1 (without loss of generality), in which case H/N (H) ∼ = W (1, (m 2 )) ′ .
